Employing the asymptotic instanton solution in an arbitrary background of a set of holographic QCD models, we show that baryon form factors have a precise large-distance behaviour regardless of the background. The dependence coincides with that obtained from general chiral soliton models and large-N C chiral perturbation theory. The nonlinear terms in the equations of motion are necessary to recover the correct results. We also show that the holographic currents have the right structure at low energy if the solutions of the full equation of motion, instead of the linearized ones, are used. The indication is that in this holographic approach, the linearized approximation used in the meson sector is not appropriate for the solitonic description of the baryons.
I. INTRODUCTION
In recent years, progress has been made in understanding aspects of QCD employing the duality between a gravity theory in a 5-dimensional space-time and a strong coupled gauge theory on the boundary, the so-called gauge/gravity duality [1] [2] [3] . Generalizations of the original duality involving N = 4 super Yang-Mills theory at large N C towards QCD have been made in many directions. A class of models, remarkably successful in hadron physics, was constructed in ref. [4] using early ideas of dimensional deconstruction and hidden local symmetry. An explicit string construction of this kind of models was the Sakai-Sugimoto model [5] , obtained embedding D8/D8 flavor branes into the D4 background [6] . Models in this class describe very well many properties of hadron physics [4, 5, 7, 8] ; in particular, they reproduce the chiral perturbation theory (χP T ) Lagrangian automatically, with reasonable values of the low-energy constants (LECs) up to O(p 6 ) [7] [8] [9] . Moreover, various relations, among different LECs [9] and between different amplitudes [9] [10] [11] , are found in this class of models. Although such relations have not yet been proved exactly, numerical results show that they are useful estimates at large N C . This confirms the interest for this class of models, that we now apply for an analysis of baryons.
The description of baryons as solitonic objects in the mesonic theory started with Skyrme's early work [12] [13] [14] , later justified through the large N C expansion [15, 16] .
Gauge/gravity duality identifies baryons as D-branes wrapping some compact extra dimensions [17] , e.g., D4 branes wrapping a sphere S 4 in the D4 background [5] . Actually, the wrapping branes can be described as the instanton configuration of resulting effective action of the flavor branes [18, 19] . Equivalently, baryons can be considered as generalized Skyrmions with the inclusion of an infinite number of vector/axial-vector resonant excitations [20] . Due to the inclusion of the resonance fluctuations, together with the presence of the Chern-Simons (CS) term, significant improvements in the description of baryon properties have been achieved [18] [19] [20] [21] with respect to the results in the Skyrme model [22] .
However, it has been pointed out that the instanton description in the Sakai-Sugimoto model fails to reproduce a few model-independent relations for the baryon form factors at large distance, while the treatment in refs. [20, 21] in an analogous model reproduces the expected asymptotic behavior [23] . This would be puzzling, since both models actually belong to the same class [9, 10, 24] . It was argued that the failure to reproduce the correct infrared behavior in the Sakai-Sugimoto model can be attributed to the linear approximation taken there [25] . Indeed, renouncing this approximation and solving asymptotically the full instanton equations, the expected large-distance behavior is recovered [25] .
However, it is still not clear if in all the models of this class, the same asymptotic behaviour of the form factors can be obtained. In ref. [26] this was claimed to be true on the basis of two features of the instanton description: 1) the 5-dimensional Yang-Mills (YM) plus
Chern-Simons action reduces exactly to the Skyrme action when truncated to the pion sector, and 2) the Skyrmion generated from the flat-space instanton preserves the right infrared behavior. Here we explicitly prove this statement, generalizing the asymptotic instanton solutions found in [21, 25] to an arbitrary background. A few ambiguities in the solutions are clarified during our analysis. We also find that, as in the mesonic sector, model-independent results exist in the baryonic sector. This represents a continuation of early investigation of model-independent relations in the Skyrme model [27] .
The paper is organized as follows. In the next section we give a short introduction to the class of holographic models of interest, and in particular we show that the chiral currents reduce at low energy to those expected from χPT. In section III we obtain the asymptotic instanton solutions in a general background. The asymptotic baryon form factors at large distance are derived in section IV. In the last section we summarize our results.
II. HOLOGRAPHIC DESCRIPTION OF BARYONS

A. Action and currents
We consider a class of holographic models defined by the Yang-Mills and Chern-Simons action [4, 5] 
with
The fifth coordinate z runs from −z 0 to z 0 , with 0
with µ = 0, 1, 2, 3, is a 5D U(2) gauge field, and F = dA − iA ∧ A is the field strength.
They are decomposed as
with Λ and g 5 model parameters.
The CS action is constructed implicitly in the gauge with vanishing gauge potential at the boundaries and, as a result, the boundary term vanishes. In general, the CS action may acquire nonzero boundary terms: for example, in the gauge A z = 0, additional boundary terms may appear, but the form of the boundary terms are completely fixed by the gauge transformation [8] . The action (1) reduces at low energy to the corresponding terms in χPT Lagrangian, in particular to the Skyrme term in the even-parity sector and to the Wess-Zumino-Witten (WZW) term in the odd-parity sector [8, 9] .
Baryons are described by the instanton solution of the equations of motion derived from the action:
where µ, ...,
In the meson sector the so-called bulk-to-boundary propagator is used to calculate correlation functions and form factors. In the baryon sector it is more convenient to express the currents through the on-shell solutions [19, 20] . Following the idea in ref. [4] , one first introduces the sources as the boundary values of the gauge field:
The currents are then read from the action through the linear coupling
with the results [19] :
The vector and axial currents are then given by
with the decomposition J =Ĵ (6) that the baryon number is given by the instanton number of the solution [19] ,
where m, ..., q = 1, 2, 3, z. Notice that the definition (9) is different from the usual one by a minus sign, thus the nucleons will be described by instantons with B = −1.
B. Linear approximation
The above prescription is quite different from that in the meson sector, where we obtain the meson fields from the linearized equation of motion
which give normalizable solutions ψ n (z) for the massive resonances (q 2 = m 2 n ) and a massless mode ψ 0 (z) corresponding to the pion. In the presence of the chiral sources ℓ µ (x) and r µ (x), the 5D gauge potential A µ can be expanded as [8, 9] 
with ψ ± (z) = 1 2
(1 ± ψ 0 (z)). The fifth component of the gauge potential is related to the pionic field through a Wilson line:
Explicitly, one has
Substituting the decomposition into the currents, one obtains the vector and axial-vector currents [7, 19] 
with the couplings
and the pion decay constant [10]
A generalized vector-meson-dominance (VMD) structure for the meson system emerges with the obtained expression of the vector current [8] . The two-point correlators can be calculated immediately from the currents (17), and read
.
They have the expected resonance structure, which has also been derived through the bulkto-boundary propagators [9, 10] .
In ref. [19] this linear approximation was applied to describing the baryons in the SakaiSugimoto model, obtaining a similar VMD picture for nucleons. In such an approximation, the static solutions for the resonance fields in (17) are given, after Fourier transforming to the coordinate space, by the Yukawa potential Y n (r),
As a result, the baryon electromagnetic form factors exhibit an exponentially decreasing behavior at large distance, with no pionic contributions [23] . A manifestation of this fact is that the isovector charge radius is finite in the chiral limit with such an approximation [19] .
In ref. [25] it was shown that, solving the full set of equations of motion, the correct power behavior can be recovered in this model. In the following sections we give a modelindependent derivation for the form factors, showing that the linear approximation used in the meson sector is not suitable for describing baryons, and that the resulting VMD picture for nucleons is doubtful. The key point is that the non-linear terms in the full equations of motion cannot be neglected: these terms make the pion and the resonance contributions fully entangled, with no way to clearly separate them.
Using the linear approximation, also the holographic expressions for the currents (10) and (11) are doubtful [28] . This point can be suitably clarified in the gauge A z = 0, where all the elements can be compactly included in the gauge potential [7, 9] ,
and the commonly used tensors in χPT [29] [30] [31] [32] , u µ (x) and Γ µ (x), show up naturally:
Substituting the decomposition (22) in Eq. (10), and throwing away the resonance contributions, the currents reduce to
hence, only the leading term in χPT, the non-linear sigma term, appears [28] . How can we reproduce the other terms in the currents, e.g., those related to the Skyrme and the WZW term? To solve this problem a different definition of the currents was proposed [28] .
However, using the full equations of motion it has been shown that the U(1) part of the vector current in Eq. (11) consistently gives the baryon number [19] . Here we follow the same idea and show that the currents (10) and (11) have the right infrared structure if we use the solution to the complete equation (6) instead of the linear one (13) .
At low energy, the asymptotic solution to the full equation (6) can be obtained recursively:
one first rewrites (10) as integrals over z, then replaces the integrands by the remaining terms in Eq. (6), and finally substitutes the linear expansion (22) [19] . As a result, the currents contain the pionic terms
Higher power terms can be obtained recursively. The covariant derivative ∇ is defined with respect to the vector connection Γ µ :
The Skyrme parameter e S and the coupling L 9 are given by [7] [8] [9] 
In Eqs. (26) we have exactly the currents obtained from the χPT Lagrangian in the chiral limit up to order O(p 4 ). The expected parts corresponding to the nonlinear sigma term, the Skyrme term and the WZW term are present. In addition, one finds two terms multiplied by the coefficient L 9 , which are due to the operator
Lagrangian with sources, with the covariant tensors f
the field-strengths ℓ µν and r µν of the left and right sources, respectively. This kind of terms are necessary for the description of the electromagnetic property of pions, and should be included if one wants to describe pions and nucleons in the same model [33] . Hence, the nonlinear terms in the equations of motion are necessary to reproduce the corresponding terms in the currents.
Our conclusion is that the currents in Eqs. (10) and (11) have the expected structure at low energy provided that one makes use of the solution of the full equation. In addition, as found long ago by Atiyah and Manton [34] , the Skyrmion solution generated from the flat-space instanton has the 1/r 2 pion tail at large distance. Based on these two facts, it has been claimed that all the baryonic form factors have the correct infrared behavior in this class of holographic models [26] . Here we demonstrate this statement in the following sections using the asymptotic instanton solutions.
III. ASYMPTOTIC INSTANTON SOLUTIONS A. Static solution
The asymptotic instanton solutions of Eqs. (6,7) are required for studying various form factor properties. First, let us look for the static instanton solution. Following ref. [35] , the cylindrical symmetric ansatz can be employed [20, 25] :
A 0 = s, with φ 1 , φ 2 , A r , A z and s functions of z and r. As for the time-independent solutions,Ā a 0 vanishes, as well as the componentsÂ j areÂ z . With these fields the static mass energy can be expressed as
in terms of
and
In the above equations we have The covariant derivative is defined with respect to A α : D α φ = ∂ α φ − iA α φ. The instanton number reduces to
From the CS term one reads the coupling between the baryonic current and the U(1) part.
The equations of motion follow from minimizing the static energy:
Suitable boundary conditions to solve these equations are needed. For the two dimensional system the choice of the Lorentz gauge ∂ α A α = 0 is convenient [35] . Moreover, we require all the components except A z in the ansatz (28) vanish at the boundary, r → ∞ or z → ±z 0 , to keep the action finite. For A z , a consistent boundary condition with the Lorentz gauge is chosen as ∂ z A z = 0. The boundary condition at the point r = 0 is fixed by requiring B = −1, which is not relevant for our asymptotic solutions. As for the infrared point z = 0, the boundary conditions are automatically satisfied due to the parity of the various fields:
φ 1 and A r are odd under z → −z, while φ 2 , s and A z are even functions of z.
The instanton solutions at large distance r can be found term by term in the expansion of 1/r. The asymptotic (r → ∞) solutions are given by:
,
where ω(z) = z 0 ψ 0 (z)dz and σ(z) = z 0 ω(z)dz. Taking the metric functions f 2 (z) and g 2 (z), together with ψ 0 (z), in the hard-wall model and the Sakai-Sugimoto model [5, 7, 9] , the previously found solutions in these models [21, 23, 25] are reproduced. Some discussions are in order. First, the solutions (37) are given for general backgrounds, with arbitrary metric functions f 2 (z) and g 2 (z) and the corresponding values of z 0 . There is a special case with z 0 = ∞, which appears in the "Cosh" and in the Sakai-Sugimoto models. In this case the solutions in Eq. (37) are not well defined [25] . One can still use the formal solutions for further calculations, keeping z 0 finite and sending z 0 to infinity only as a final step. It is argued that this formalism is related to the renormalization procedure [25] . However, the background with infinite z 0 is just a special case of this class of models: in fact, for any specifical background we can choose different kind of coordinates, making z 0 infinite or not.
It is hard to believe that only in some specifical coordinate system renormalization is needed.
Thus, the apparent divergence in the solutions (37) when z 0 = ∞ is a kind of coordinate singularity.
As shown in the appendix of ref. [11] , for any backgrounds there is always a special coordinate choice in whichf 2 (y) = f 2 π 2 , the coordinate y being chosen as
In such a coordinate system the boundary is located at y = ±1. One finds that, using the y coordinate, the solutions (37) simplify to
Now the fields are well defined, and no divergence appears. Although the infrared behavior of some fields is quite different, the results for physical observable remain unchanged, as discussed in the next section.
Concerning the determination of the parameter β in (37), it has been pointed out that it is related to the axial coupling g A , the value of the axial form factor at zero momentum transfer g A (0) [21] . The axial form factor g A (q 2 ) is defined as from the matrix element
with q = p − p ′ . To keep the action finite when z 0 is taken to infinity, β should vanish as 1/z 0 [25] . This information is useful: indeed, the axial coupling can be computed through the asymptotic solutions, as in [35] . We find that g A is completely determined by β. The calculation is in the next section, here we use the same argument as in the Skyrme model to figure out the relation between β and g A . First, we construct the chiral field U in the model with Eq. (15), which then represents the pseudoscalar part of the solution, i.e, the Skyrmion. From the static instanton solution we obtain
for F (r) in the Skyrmion profile U = exp[iσ a x a F (r)/r]. As shown in [35] , the coefficient of this term is related to g A ,
or, for the solutions in the y coordinate,
This relation has already been implicitly indicated in the hard wall model [21] . If z 0 is taken to infinity, β vanishes as 1/z 0 ; hence, only the combination βz 0 must appear in physical quantities.
B. Rotation and quantization
Let us consider the rotation of the static solution. It can be expressed in the form
together with the following ansatz for the fields which vanish in the static solutions [21, 25] :
withx i = x i /r. The rotation velocity K is defined as
and takes a constant value in the semiclassical approximation. These fluctuations contribute to the rotational energy of the instanton,
The moment of inertia Λ is given by
where
is the field strength of B α . Although the explicit form of the moment of inertia (50) is quite involved, the structure of the Lagrangian (49) is the same as that in the Skyrme model [22] .
The masses of different baryonic states are then given by
Up to the considered order, χ and Q have the same expressions as φ and r · s, while B α has the same expressions as A α with β replaced by a new parameterβ. In the y coordinate system the expressions are simplified:
, 
The parameterβ is fixed byβ
wheref π andĝ A are the decay constant and the axial coupling in the isoscalar sector.ĝ A can be defined as the corresponding coupling in the SU(2) part, through the matrix elements 
where |p ↑ is a normalized state for a spin up proton. Replacing the soliton ansatz in the definition of the currents, the form factors can be expressed as B. Goldberger-Treiman relation and the axial form factor
V. CONCLUSIONS
We have extended to the baryon sector our analyses of the meson sector in a class of holographic models. We have found model-independent expressions for various baryon form factors at large distance, in agreement with the results of chiral soliton models and large N C χPT predictions. These results support the validity of the holographic approach, confirming that it captures key features of QCD in large N C and chiral limits. Our analysis suggests that only when the full instanton solutions are considered the correct structure of currents and form factors is recovered. The obtained asymptotic solutions will be useful to construct full instanton solutions in this class of models.
